Introduction
The uniformalization of Kähler manifold has been an important topic in geometry for long. The famous Frankel Conjecture states:
Compact n-dimensional Kähler Manifolds of Positive Bisectional Curvature are Biholomorphic to
This was first completely solved by Shigefumi Mori in [11] by using algebraic language and by Siu-Yau in [10] by using stable harmonic maps in the context of Kähler geometry. Actually, Mori proved the Harthshorne Conjecture:
Every irreducible n-dimensional nonsingular projective variety with ample tangent bundle defined over an algebraic closed field k of characteristic ≥ 0 is isomorphic to the projective space P n k .
Their methods have nothing to do with the deformation of Kähler metrics. In 1982, R.Hamilton introduced the Ricci flow in [6] , it is a geometric evolution equation:
∂g ij ∂t = −2Ric ij and in the context of Kähler geometry, the flow can be written as :
It has been hoped that the Ricci flow can be used to prove uniformization theorems, in particular, a different proof the Frankel conjecture. In fact, using the Ricci flow, R. Hamilton proved that manifolds admit a metric with positive curvature operator are space forms in dim 3 in [6] and dimension 4 in [7] . He conjectured that the same is true for all dimensions. It is not until Böhm and W ilking in [1] does the conjecture in all dimensions be proved.
In the Kähler case, there has been a long history of using the Ricci flow to prove the existence of canonical metrics which leads to a proof of the Frankel conjecture. Hamilton in [9] and Chow in [13] proved that the Ricci flow has a global solution which converges to the standard one on S 2 if the initial metric has positive curvature. Bando proved in dimension 3 in [14] and Mok proved in general dimensions in [15] that the Kähler-Ricci flow preserves the positivity of bisectional curvature. Assuming that the underlying compact Kähler manifold admits a Kähler-Einstein metric, X.X. Chen and G. Tian in [12] proved that the global solution of the Kähler-Ricci flow converges to the Kähler-Einstein metric. For related works on Kähler-Ricci flow without assuming positivity of curvature, see B. Chow [17] , H.D. Cao [16] , Tian-Zhu [18] . The aim of this paper is to give a proof the Frankel conjecture by using the Kähler-Ricci flow alone without assuming apriori the existence of Kähler-Einstein metrics. Our proof is an extension of the new method Böhm and W ilking developed in [1] to Kähler manifolds. Here is our main theorem: Acknowledgement: I would like to thank my adviser Professor Tian for leading me to studying Ricci Flow and this problem , and I am also grateful to him for many very useful suggestions and inspiring discussions. Secondly, I would also like to thank Böhm and W ilking for their introducing new and very important method in [1] on which the proof of above theorem is based.
Tensor Algebra Preliminary
Instead of performing the SO(n) invariant curvature decomposition as in [1] and [2] , we have to choose a decomposition due to the action of U(n). There is a natural one in [2] concerning primitive forms. However , we are not going to use it because it is inconvenient to construct the pinching set. Now following [3] we are going to do a natural decomposition. Assume on a 2n-dimensional real vector space , we have an almost complex structure J. The space of Kähler curvature operators is the curvature operators which commute with the action of J on two-forms. We perform the following Kähler product of symmetric J-invariant bilinear forms :
Obviously for R 1 and R 2 symmetric J-invariant we have R 1 R 2 is a Kähler curvature operator. Consider a Kähler metric g and an arbitrary symmetric Jinvariant bilinear form h. Simple calculation tells us
Similar as the in the real case , we use g to divide an arbitrary Kähler curvature operator to get a decomposition similar to the real case:
s is the average scalar curvature of R, and Ric 0 is the traceless Ricci tensor of R.
, this will be usefull later. Let Θ be the map on two-forms corresponding to g g. This is not the identity map and not even diagonal. But look at it carefully we see only the entries like R(X, Y, X, Y ), R(X, Y, JX, JY ), R(X, JX, Y, JY ) do not vanish. We call this kind of map on two-forms pseudodiagonal. Naturally, we let c αβγ to be the Lie algebra constant of so(n):
In which b h is the a basis of so(n). Then we define the Lie algebra square of two Kähler curvature operator R and S to be:
As in [7] , the curvature operator evolves like:
and from the maximal principle in (7) most attention should be payed to the vector field:
Next, as in [1] , to a Kähler curvature operator R we try to perturbate the first and second component of the decomposition in (1):
in which R Θ is the first component , R 0 is the traceless Ricci part. Then we define the quantity:
The crucial step of this paper is to compute D a,b and further it's entries and Ricci curvatures to construct the pinching family. Now in this section we do it by steps. First , notice the Weyl part W of R is fixed by l a,b , it is an easy argument to see D a,b can be computed only from the Ricci tensor of R. You can write it all out to see it directly and we shall omit the detail here to go on. Second , we have to know what is (R 2 + R♯R). So we need the following lemma first:
Lemma 2.1 R is a Kähler curvature operator , then:
Proof: we directly compute this , for any X with unit length, we complete it to a base of the 2n-dimensional vector space to be , e i , eī, i = 1...n, where e 1 = X, eī = Je i , add h as the index for two-forms, then we have:
Clearly (Ric g)(X, JX, X, JX) = Ric(X, X), thus the claim follows. 2 The above conclusion holds for all Kähler curvature operator. Next we would like to compute R 2 + R♯R provided that R has no weyl part.
Lemma 2.2 Assume R is a
Kähler curvature operator without the weyl component , then :
moreover, the weyl part of R 2 + R♯R is:
Look at the holomorphic sectional curvature to see: RΘ = ΘR. Thus we only need to compute:
To do this , we diagonalize Ric 0 with orthonormal basis e i , eī, i = 1...n and the corresponding eigenvalue λ i , λī, then we know Ric 0 and Ric 0 2 + Ric 0 ♯Ric 0 are all pseudodiagonalized. And we just need to look at the entries to see what it is. First we compute:
Then we have:
16 + τ 16 Next we should know the entries: R iījj , i = j.
Thus the expression is:
Thus the conclusion of the lemma follows.2 Direct computation gives us the crucial step: 
and if i = j,
In fact , merely changing the curvature product and decompositon in the real case as in [1] to the product and decomposition we use here we get nearly the same expression for R 2 + R♯R and D a,b .
Construction of Pinching Family
The argument left is the the same as in [1] , the only difference is some universal constants and I will write out briefly. Actually we would like to construct the pinching family , as in [1] to be like
the idea is to let a tend to infinity and p tend to 1, then the curvature operator in the above set all has very big first component w. (1*) l a,b (R|R bisectional curvature ≥ 0, Ric ≥ pŝI) is invariant under the vector field
(2**) the vector field
∂R ∂t
= R 2 + R♯R is transverse on the boundary of l a,b (R|R bisectional curvature ≥ 0, Ric ≥ pŝI) except at the point R = 0.
Thus because the positivity of bisectional curvature is preserved under the flow, we can follow [1] 
For computation convenience , we again diagonalize the traceless part Ric 0 with eigenvectors e i , eī,i=1...n and corresponding eigenvalues λ i , λī, all we need to do is to make the following two things hold assuming R = 0:
We should notice here that from the positivity of these entries in (1) we get the positivity of the bisectional curvature of D a,b .
To compute the two things above, we have two inequalities : (*)λ i ≥ −(1 − p)ŝ, from this we have:
From the expression of D a,b , we can easily get the expression for X a,b , then as in [1] , look at their holomorphic bisectional curvatures and Ricci curvatures in the last section to believe that by the two inequality (*) and (**) we can choose a, p, b to make (1*) and (2**) hold. We omit the details and the conclusions are:
2(n+2)+b 2 , we have :
(2) The vector field
= R 2 + R♯R is transverse on the boundary except at the point R = 0.
, we have :
(1)l a(t),b (R|R bisectional curvature ≥ 0, Ric ≥ p(t)ŝI) is invariant under the vector field
After these two lemmas , reparametrize the variable we get a pinching family C(u), u ∈ [0, ∞) invariant under the action of U(n), satisfying :
(1)C(0) = (R|R has nonnegative holomorphic bisectional curvature), C(u) → R(R|R has constant nonnegative holomorphic sectional curvature) in the sense of Hausdoff distance.
(2)For all u, C(u) is invariant under the vector field R 2 + R♯R and it is transverse on the boundary except the point R = 0.
Construction of the Generalized Pinching Family and the Proof of the Mean Theorem
The argument left is the the same as in [1] , and I will write out briefly too. By Hamilton's maximal principle [8] , we have under unnormalized Kähler Ricci flow, the curvature of the underlying manifold will blow up in finite time. So next I state the construction of the generalized pinching family and prove that we can actually modify the pinching condition of the initial Kähler metric along the flow till it blow up: (1)F is invariant under X.
Proof: Aparrently F could defined to the smallest set invariant under U(n) and X containing C(ǫ) ∩ (R | trR ≤ h). To show (3), we have to show where does the above set goes along the flow. Wilking's conclusion says that in fact it goes to the contracted , shifted and truncated cone k * T C δ (u 0 ) , where u 0 ≥ ǫ is the infimum among all u that F \ C(u) is noncompact. C δ (u 0 ) is the cone over the contracted set:
(
T C δ (u 0 ) is truncated and the shifted cone :
whereĥ is a constant under determination. Multiplication by k is the scaling. Now we explain why we come to this contracted , shifted and truncated cone. First we would like to say it is invariant under the flow. That is to say the set
, which is true, if we chooseĥ large enough. This is because we have X lies in the interior of the tangent cone at all boundary point of C(u 0 ) hence C δ (u 0 ) for small δ by continuity , then we look into the proof of lemma 2.2 to see X has the distance at least σ trR 2 to the boundary of tangent cone for some constant σ.
Secondly , because it is shifted we have for properĥ, C(u 0 ) (R|trR =ĥ) lies in the interior of T C δ (u 0 ) . Then by continuity C(u) (R|trR =ĥ) ⊂ T C δ C(u 0 ) for u, ǫ ≤ u ≤ u 0 and sufficiently close to u 0 . Thus from the definition of u 0 we have for sufficiently large k ,
Obviously k * T C δ (u 0 ) is also invariant under X. Thus from the defination of F we have for sufficiently largeĥ:
Finally we see from the cone is contracted we have for sufficiently largeh, we have:
thus F \ C δ 2 (u 0 ) is compact , hence for u sufficiently close to u 0 we have F \ C(u) is compact . Contradicting the definition of u 0 . Thus we are done. 2
Next we could prove the main theorem 1: P roof of the main theorem:
For g, we consider F is smallest set invariant under U(n) and X containing the set C(ǫ) ∩ (R | tr(R) ≤ h), where h = Max x∈M trR g . Now we normalize the Ricci flow to keep the maximal sectional curvature equals to 1 for all time, by Shi's curvature derivative estimate [5] we conclude that for any sequence η i −→ ∞ there is a subsequence η 2 in g converge in the sense of C ∞ to a limit metric g ∞ with its curvature operator R ∞ ∈ n F η 2 in = (R|R constant positive holomorphic sectional curvature).
Thus we have all the sequences converges. By Klingenberg's injective radius estimate in [4] we know for the limit metric g ∞ collapse will not occur . Then we are done.2
